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DYNAMIC REACTIONS ALONG A RIGID-SMOOTH WALL IN
AN ELASTIC HALF-SPACE WITH A MOVING BOUNDARY LOAD

STEPHEN A. THAU

Department of Mechanics, Illinois Institute of Technology, Chicago, Illinois

Abstract—This paper studies the dynamic forces exerted along the sides of a rigid-smooth wall which separates
an elastic half-space into two quarter-spaces. The boundary of the half-space is subjected to a pressure wave
of arbitrary shape moving with constant velocity. Both the shape and velocity of the wave may change as it
passes the wall. The problems for each quarter-space are analyzed exactly using the method of images in con-
Jjunction with previously established techniques for dynamic half-space problems. Explicit results for the total
force and moment exerted on the wall are presented. These reactions are proportional to the convolution of
the load history with unity and time, respectively. The proportionality constants are evaluated numerically over
a wide range of pressure wave velocities.

1. INTRODUCTION

IN RECENT years many studies have been made on the scattering of stress waves by cavities
and inclusions in ¢lastic media with emphasis on evaluation of the dynamic response of
the scattering obstacle. Some of this work is listed in the recent papers of Thau and Pao [1],
who considered the interaction of shear waves with parabolic shaped cavities and inclusions,
and of Mow and Workman (2], who treated the problem of a fluid filled cavity struck by
a compressional wave. Other papers are reviewed in the survey article on elastic wave
propagation by Miklowitz [3].

Apparently, however, all the investigations in this area have taken the elastic medium
surrounding the obstacle to be infinite in extent. Therefore, for applications in design of
underground structures set near the ground surface, studies on scattering of elastic waves
by obstacles in a half-space should be useful ; and this paper presents such a study.

The problem of scattering of elastic waves by a semi-infinite, rigid-smooth wall of
finite thickness which divides a half-space into two quarter-spaces is treated (Fig. 1). The
surface of the half-space is subjected to an arbitrary pressure wave moving with constant
velocity. Since the rigid-smooth wall is assumed to be stationary, boundary conditions
along its surfaces specify the normal displacement, u, , and the shear stress, 7., to vanish.
Furthermore, these conditions imply that the responses in the two quarter-spaces are
independent.

To solve the two quarter-space problems with rigid-smooth vertical boundaries, the
method of images can be used. This is because both u, and 7, vanish identically along the
y-axis in a half-space which is loaded symmetrically about this axis. On the other hand,
it is noted that for a rigid wall with “rough” surfaces (both displacements vanish) the
method of images fails to provide the solution. In fact, the problem of a quarter-space
with a rigid-rough vertical boundary has, so far, been too complicated to solve.

Principal results of this investigation are the normal forces exerted on each side of the
wall and the moments acting at the top of the wall. The former reactions are found to be
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F1G. 1. Geometry of problem and incident waves.

proportional to the integral of the pressure wave load, while the moments are proportional
to the convolution of the pressure wave and time. The proportionality constants are
calculated for a wide range of pressure wave velocities with the Poisson’s ratio of the
half-space taken as 0-25.

2. MATHEMATICAL FORMULATION OF PROBLEM

Both the pressure wave load which moves along the surface of the half-space and the
rigid-smooth wall imbedded within (Fig. 1) are assumed to extend indefinitely in the
z-direction. Thus, the medium is taken to be in a state of plane strain in which the z-dis-
placement is zero and the x and y displacements and stresses are independent of z. The
equations of motion for the waves in the elastic quarter-spaces become:

V- =0 AVh-h=0 (1)

where V? is the Laplacian, dots indicate time derivatives,
€, = Cy/E, c, = (u/p) with &% = (1-2v)/(2—2v) 2)

are the velocities of the compressional (P) and shear (S) waves, respectively, with g, v, and p
being the shear modulus, Poisson’s ratio, and density of the elastic medium.

The compressional wave potential, ¢(x, y.t), and the shear wave potential, h(x, y, t),
are related to the displacements by

uy = 3/ox+0oh/dy,  u, = d¢/dy — dh/dx (3)

and the stresses, 7;;, are determined from Hooke’s Law :

jo

Ty = plg jt+u; i+ 2vuy ,65/(1 —2v)] 4

where Cartesian tensor notation is used in (4) with J;; being the Kronecker delta.
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Boundary conditions along both sides of the rigid-smooth wall (x = + w}) specify the
normal displacement and shear stress to vanish, ie.,

utw,pt)=1,(zw,5t)=0. %)

To complete the mathematical formulation of the problem, boundary conditions
along the surface of the half-space must be specified. First, however, we shall discuss the
assumptions which are made concerning the pressure wave loading.

The load is taken to occur originally far to the left of the wall (x - — o0) and it travels
in the positive x-direction with constant velocity. The instant its front reaches the left
side of the wall (x = —w) is taken as t = 0, the time it reaches the right side is t = ¢,
where, of course, t, depends on the wall thickness, 2w. In progressing from the left to the
right side of the wall, both the velocity and intensity of the load are permitted to change.
We shall denote the velocity and variable intensity along the left quarter-space by ¢, and
pL(2), respectively, and similarly along the right side by cg and pg(¢). It is understood that
plt—(x+w)c, ] = 0fort < (x+w)/c, and pplt—(x —w)/cg] = 0 for t < (x—w)/cg.

The velocity of the load along the left-hand quarter-space, ¢, , is supersonic (i.e., ¢, is
greater than the elastic wave speeds) so that the elastic waves strike the left side of the
wall initially at ¢t = 0. Note that for pressure wave velocities less than the elastic wave
velocities, the problem for the left quarter-space would be indeterminate because dis-
turbances propagating therein would strike the wall at some indefinite time before the
pressure wave reaches the wall. One would have to specify a finite time and position for
the origin of the load in order to consider transonic (¢, < ¢, < ¢;) and subsonic (¢, < c¢,)
load velocities over the left-hand quarter-space. On the other hand, since the inception of
loading of the right-hand quarter-space occurs at a definite position (x = w) and time
(t = t,), we can consider the constant velocity of the load thereupon, cg, to be arbitrary.

Now, the remaining boundary conditions become :

7,,(x,0,8) = —p(t—x/c,—w/c.); X< —W,—00 <t< o (6a)
0; X>wt <t

Ty(x, 0,1) = (6b)
—prlt—to—Xx/Cr+W/cg); X >w,t>t,

To(x,0,8) = 0; -0 <X < 00, —0 <t< o (6¢)

As the above conditions imply, the problems for the left and right-hand quarter-spaces
can be treated separately. This is done in the following section.

3. SOLUTION OF PROBLEM AND REACTIONS ON WALL

Mathematically, the problem in each quarter-space is to solve the equations of dynamic
elasticity for plane strain, equations (1)-(4), subject to the boundary conditions (5) and (6).
As explained in the introduction, boundary conditions (5) are satisfied identically along
the y-axis in a half-space with symmetric loading about this axis (Figs. 2 and 3). Hence,
the responses in the left and right-hand quarter-spaces in Fig. 1 can be determined from
the responses in the left half of the half-spaces in Figs. 2 and in the right half of the half-
space in Fig. 3, respectively, with

xL=X+W, Xgp = X—W, YL=Yr =) (7)
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Fi1G. 2. Half-space problem equivalent to left-hand quarter-space problem of Fig. 1. (A) Equivalent
steady-state problem for — o < t < 0. (B) Continuation of Fig. 2A with ¢ > 0. (C) Transient portion

of problem with ¢t > 0.
F1G. 3. Transient half-space problem equivalent to right-hand quarter-space problem of Fig. 1 (t > ¢,).

Throughout, xy are the coordinates for the original problem (Fig. 1), and x,;y; and xgyg
are the coordinates for the half-space models in Figs. 2 and 3, respectively. The y, axis in
Figs. 2 corresponds to the left side of the wall, while the yg-axis in Fig. 3 represents the
right side of the wall.

3.1 Response in left-hand quarter-space

Consider the half-space shown in Fig. 2A fort < Oandin Fig. 2B for ¢ > 0. Itis subjected
to the following two pressure wave loads on its surface:

Ty(x, 0,8) = —pplt—x /) —plt+x/cr); =00 < Xy, < 0, (8a)
a
T, 0x.,0,8) = 0; —0 < Xp < o0,
y\-vL L (Sb)
—0 <t <®

Now, the first term on the right side of equation (8a) is the same pressure wave traveling
over the left-hand quarter-space in Fig. 1 [equation (6a)], and hence it produces in the
left half of the half-space the same elastic waves which impinge on the left side of the wall
in Fig. 1. The second term in (8a) is the “‘image” load and, since it travels in the negative
x -direction, faster than the elastic waves, it produces no disturbances in the left half of
the half-space for t < 0. For ¢ > 0, however, it produces in the left half of the half-space
some of the waves which are scattered by the left side of the wall. Note that we say “‘some™
because, for 1 > 0, the image load in (8a) is moving over the left side of the half-space as
shown in Fig. 2B; and no such load occurs on the left quarter-space of Fig. 1. Therefore,
to determine the total scattered wave field in the left quarter-space, we must superimpose
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the response in the left half of the half-space loaded as shown in Fig. 2C, i.e.,

‘L'yy(XL, 0, t) = pL(t+xL/CL); xL < O,t > 0 (9 )
a
T,0(x1, 0, 8) = p(t—x,/cp); x; >0,t>0

Telx,0,8) = 0; —0 < x;, <0o0,t>0 (9b)

to the response in the left half of the half-space in Fig. 2B. Note that the loading in (9)
cancels the undesired effects of the image pressure wave in (8a). Zero initial conditions
are also specified for the half-space problem in Fig. 2C because the total response must be
continuous at ¢t = 0.

For convenience we shall treat the half-space problems in Figs. 2A,B and in Fig. 2C
separately, denoting the solutions with subscripts, AB and C, respectively.

For the problem in Figs. 2A,B with boundary conditions (8), recall that both the actual
load, p,(t—x,/c;), and hence its image, p,(t + x,/c, ), occur originally at x;, — F o0, respec-
tively, and ¢t = 0 is defined as that instant when these loads reach x; = 0. Thus, for all
finite values of time, the response to these loads will be quasi-static, depending only on
the variables (t Fx;/c;) and y,. The solution to this problem is obtained by the method
with which Cole and Huth [4] determined the steady quasi-static response of a half-space
subjected to a single, moving, concentrated, line load (p, (¢t} = (t), where (z) is the Dirac
delta function). Since this method is also discussed in detail in Fung’s text [5], it is only
outlined here and then the results are given.

Solutions of the equations of motion are taken in the form of outgoing plane compres-

sional (P) and shear (S) waves produced by the two loads in (8a):
Paplxp, yo.t) = Ylt—(xp+ay)e ] +le+(x,—ay )/c,] (10)
hyp(xp. v, t) = olt—(x, + By )/c ] —alt+(x,— By)e,]

where

a=(ct/ci=1?% B =(ci/c;-1) (11)

are real positive numbers, since ¢, > ¢, > ¢,. The first terms on the right of equations (10)
represent the actual incident waves as shown in Fig. 1. Upon substituting these expressions
into equations (3), (4), and then into the boundary conditions (8), we obtain the results:

m(t) = —cE(B*—1)Np(t)

12
ue(t) = 20cNpy(t); N = [(B*~1)*+4af]™" 2

where dots indicate differentiation with respect to time and it should be recalled that
p.(t) = 0 for t < 0. This completes the solution of the problem in Figs. 2A,B. To calculate
the reactions it produces on the left side of the wall, we substitute (10) with (12) into (4) to
obtain

To(O y, hap =05 —o00 <t <ay/c
Texl0, s D ap = 2N(B> = 1)(20> — B> = Dp(t—ay fer);  ayfep <t < Byiey
120, Y1 ) up = 2N[(B* — 1) (20 — B> — l)p,(t —ay /cy)
+4afp (t— By /el ByfeL <t (13)
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Thus, the effects of the plane incident and reflected P waves, Y[t — (ay, + x.)/c.], respec-
tively, are seen to occur initially at the left side of the wall at t = ay,/c, , while the plane
incident and reflected S waves, ot —(ay, +x;)/c.], first arrive at t = By, /c,. Of course,
we must still superimpose the results from the problem in Fig. 2C to determine the total
stress distribution along the left side of the wall.

To solve that problem (Fig. 2C) we follow the procedure used by Ang [6] who considered
a half-space with a moving, concentrated, line load which started from rest. Again, this
technique is explained in Fung’s text [5] and so it is only briefly discussed here.

Since this is an initial value problem, we cannot use the steady, quasi-static solution
in (10). Instead we begin the analysis by applying a Laplace transform in time and a Fourier
transform in x, to the equations of elastodynamics (1}+4) and the boundary conditions
(9), where

Fxpe v s) =j Flegyi e di (14a)
0

defines the Laplace transform of f(x,.y,,t)and

7y ) =f Fxgs yi e dx, (14b)

is its Fourier transform.
The transformed boundary conditions (9) become

x

7,,(£,0,5) = 25(&%+ 1) 'pufs)s S, = /¢ (15)
(60,5 =0

and it can be shown that solutions of the transformed equations of motion (1) which vanish
as y; — oo and satisfy (15) are

UPUE vy, 5) = QE2+5HATIE (L, 0,5) e~ ™"

~ N (16)
ph&, yp.s) = 2imEAT T (€, 0,5) e ™"
where
m? =& +st,  nt=E+s3, s, =s/c,, S, =5/c, (17)
and
A&, s) = (2&% +53)* —4mn¢? (18)

is Rayleigh’s function which vanishes only at £ = +is/y, y being the velocity of Rayleigh
waves in the half space. For real elastic materials, 0-87 < y/c, < 096,

The inversion of the transformed solution (16) throughout the half-space (Fig. 2C) can
be accomplished with Cagniard’s method [5, 6]. Briefly, this method consists of appro-
priately changing the integration variable in the Fourier transform inversion integral,

Fxea v s) = Q) j F(E yu. s e de (19)

so that the integral becomes the Laplace transform (14a) of some function of time (and
position). Then the inverse Laplace transform operation yields that function.
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Here, Cagniard’s method will be used to determine the normal stress, 7,,., along the
y-axis. Substituting (16) into the transform of (4) and then into (19), we find

£00, 1, S). = j [(2 = 25— 2803, vy 5)
0 (20)
—2ingh(&, y,, 5)] dE

where we have used the fact that 7, is an even function of £ to halve the range of integration
from (19) to (20). To change (20) to a Laplace transform type integral, let st = my, and
ny, in the integrals involving $ and h, respectively, to obtain :

o0

‘Exx(()’ yL ’ S)Ic = ALyI—: 1ﬁL(S)|:". PL(ts yL) e_St dt

yL/ey

+j Su(t, y)e™ dl]

yL/c2

where
P,=0 for t<yc,
Py = n2n* = D2n* +8,){(n* — ) (n* — &> +x])[(2n° + 6,)
—dnn*—e)m®+6,)} 7" for >y /ey,
S, =0 for t<y/c,
and
Sy = —4n?[(* — 1) =6 )1 — 1 +xD[2n* =1 —dn(n* - D(n* - 5,)*1} " (22)
for

t> y/c,

are associated with the non-planar, transient, compressional and shear waves, respectively,
which are scattered along the left side of the wall. In (21) and (22)
n=cytly,, Kp=Cyep, Oy =1—g} 8, =1-2¢%

23)
A, = =2i,¢,/m, and &2 = c2/c? = (1-2v)/(2—-2v). (

Now, 7,,(0, y., s)l. is expressed as the sum of two Laplace transforms of known functions.
Therefore, we immediately can invert equation (21) as
Taxl0, i, D)l = 05 0<t<y/e
TuO, Yo, e = Apyy 'pr(O*PLE, y1); yi/ey <t <ype,
TuO, Yo, Ole = ALyr 'prOAPLEL y) + S0t y)]; y/e, <t
24
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where
fltywg(t) = f gl —)da 25)
0

denotes the convolution of f(t) and g(¢).
The total stress distribution along the left side of the wall is the sum of (13) and (24).
From it the resultant normal force, F,(t), and moment, M,(t), can be calculated.

oo

Fi(t) = ‘“j T.x(0, v, ) dyy s Mo, (t) =j Yrtex(0, yp, ) dyy (26)
0

0

where a positive force acts in the positive x-direction and a positive moment has a clock-
wise sense. The moment in (26) acts at the top of the wall, y; = 0. To find the moment at
an arbitrary point on the wall, y, = a, we use
M, (1) = Mo (t)+aF (1) (27)
Substituting (13) in (26) we find
F(t) 45 = 2c205(axi)” ' Nlp(t)*1]

(28)
Mot 45 = —2c3(0frc) " 2[6,N(B> — D * — ] [py(e)*t]
where a and g are defined in (11); N in (12); and «;, d,, and 9, in (23).
Similarly, we could substitute (24) into (26), but it is easier instead to calculate F(t).
and M, (t). by performing the integration over y, indicated in (26) directly on the ex-
pression for 7, in (20). In this manner we obtain

FL(S)‘C = —262KLn'1s§I3L(s)j.0 A(cf. S)(fz f;)i(fz—ksi)
My (s), = —ZKLn"Issz(s)[fn__%__
o (E2+52)(E* +52) 29)
— 5,83 j‘w (2&2 +53) d ]
o AW, S)(EX+STE +53) (&7 + )

where A(¢, s) is defined in (18). The above expressions are readily inverted, for if £ is replaced
by s,& in the integrals in (29), F;(s). and M,,(s)|. are seen to be proportional to p,(s)/s
and p,(s)/s?, respectively. Hence, it follows that
Fi(t), = —2c 8 xm™ H[py(t)*1] (30)
Mo (). = —2c5xp ™ [ 2k (e + 1)] 7 ' — 8, }[py(t)#t]
where

I, = r (€2 + )HE + R D)UE) ! e
‘; (31)
J, = j Q8+ DIE + (& + 1)(E + kDU de
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with Q&) = (2E2+1)2 —4E2[(E2 +e2)(E2 + 1)]E. Since Q(¢) vanishes only at & = +ic,/y
(0-87 < v/c, < 096 for actual materials) the above integrals are convergent and, in fact,
can be evaluated in terms of familiar, tabulated functions (see Appendix).

Thus, the total normal force on the left side of the wall

Fi(t) = Fi(t) 45+ FL(1), (32)

is proportional to the convolution of the intensity of the moving load and unity, whereas
the total moment exerted at the top of the wall,

Mop(t) = Mo (t) 4p+ Mo (t). (33)

is proportional to the intensity of the load convolved with .

Numerical results for (32) and (33) are shown in Figs. 4. These will be discussed along
with similar results for the reactions on the right side of the wall after the problem for the
right-hand quarter-space is treated.

Rig 28
24- R
20
1.6}
L2f-
8L
————
AL Re
I : | L | !
0 | 2 3 4q 5 6 7 8 9 10
CLr
Ca

F1G. 4. Coefficients for the force on the left and right-hand sides of the wall vs. ¢;/c, and cg/c,, respec-
tively (v = 0-25).

3.2 Response in right-hand quarter-space

Recalling that the pressure wave in Fig. 1 reaches the right side of the wall at ¢t = ¢,
and that its intensity and velocity then become pg(t) and cg, respectively, we consider the
half-space in Fig. 3 which is undisturbed for t < ¢, and which is subjected to the moving
loads.

T,,(Xg, 0,2) = —pglt —to—xg/Cr); xg >0
T,(Xg, 0, 1) = —pglt—to+xg/cR); Xg <0 (34)

Toxg, 0,8) = 0; —00 < Xg <
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for t > t,. The load moving over the right half of the half-space (x;z > 0) is the same one
specified in the original problem [eq. (6b)], while the load moving in the opposite direction
over the left half (xz < 0) is the image load. Therefore, boundary conditions (5) for the
sides of the rigid-smooth wall will be satisfied along the yg-axis in Fig. 3 and the response
in the right half of this half-space will be equal to the response in the right quarter-space
in Fig. 1.

The problem in Fig. 3 with boundary conditions (34) is very similar to the previously
considered problem in Fig. 2C with boundary conditions (9). In fact, if ¢ is replaced by
t—tg: X1, Vi, and ¢; by xg, yg,and cg; and p; by — pg in the latter problem, then we have
exactly the problem in Fig. 3. Therefore, the solution of the right-hand quarter-space
problem is readily determined from the solution in the right half of the half-space in Fig, 2C
by observing the aforementioned changes. In particular, the normal stress along the right
side of the wall follows from equations (24) as

(0, Y&, 8) = 0; 0 <t—ty < yp/c,
Tx0, YR 1) = — Agyr '[Pr(t — to)*Pg(t, yr)]: YriC1 < t—ty < yg/cy (33)
T, Yro 1) = — Aryr H{Pr(t —to)*[Pr(t, yr) + Skt yp)l}vr/c, < t—tg

where P and Sy are determined from (22) by changing x; = c,/c, to kg = c,/cg and
N = cytfy, to 1 = Ccy{t—ty)/yg. Also, Ag = —2kgc,/m and * denotes the convolution
operation defined in equation (25). In evaluating the resultant normal force and moment
we must remember that a positive stress along the right side of the wall acts in the same
direction as a positive force on this side. Hence,

T

FRlt) = j 720, Yr, t) dyg: M () = —J. VRTxx(0, yg. 1) dyg (36)

0 ]

and the results follow from (30) as

FR(t) - —2()252}{an lIR[pR(t_to)*l] (37)
Mor(t) = —2¢ikgn™ Y{[2kg(kg + 1))~ 't — 8, J g} [pr(t — to)*t]

where I and Jy are found from (31) with k, replaced by xg.

3.3 Numerical results for reactions on wall

The total reactions on the left and right sides of the wall are given by the sum of equations
(28) and (30) and by equation (37), respectively. It is observed that these results have the
form

Fi(t) = ¢, Ry [p(H)*1], Moi(t) = —c3B[p(t)*]

38

Frlt) = —c, Relprl(t —to)*1], M ogl(t) = c3Bg[pg(t —to)*t] 9

where R, r and B, p are positive coefficients which depend only on c,/c,; = ¢ (equation 2)

and c,/c; g = K, g- These coefficients have been calculated numerically for a Poisson’s

ratio of the half-space, v = 0-25, so that ¢ = (3)™*. Figure 4 shows the variation of R, g
with ¢ g/c, while similar curves are presented in Fig. 5 for By .

It is seen from both figures that the reactions on the left side of the wall become infinite

as ¢; - ¢, = 3%c,. (Recall that the analysis of the problem in the left quarter-space is
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FIG. 5. Coefficients for the moment at the top of the left and right sides of the wall vs. ¢, /¢, and cg/c,,
respectively (v = 0-25).

valid only for ¢; > c,.) This is due to the factor a~' = [(c,/c,)* —1]"* in equations (28)
and can be accounted for physically from Fig. 1 and equations (10). As ¢, - ¢, the incident
plane P wave front becomes parallel to the wall, i.e., ¢ .5 — ¥(t —x./c,). In such a case the
wall would be subjected to a uniform normal stress over its entire left surface which in
turn would produce an infinite force and moment on the wall. Both coefficients, R, and
B,, decrease monotonically as c, increases, with R, —(3)"* and B, » 1 as ¢, - .
These limits are indicated on the figures.

The coefficients for the reactions on the right side of the wall are zero for ¢z = 0 since
this would imply that the right-hand quarter-space is never subjected to load. As ¢y in-
creases, these coefficients increase and also approach the limits, Rz — (3)"* and Bg — 1
as cg — oo. This does not mean, however, that the net reactions on the wall
(FL+ Fgr, My, +My) become zero as ¢, g — oo, for, although t, — 0, pg(t) still need not
be equal to p,(¢).

4. SUMMARY AND CONCLUSIONS

The problem of the dynamic loading of a rigid-smooth wall which divides an elastic
half-space into two quarter-spaces has been studied for the case of an arbitrary plane,
moving, pressure wave load on the surface. Since the boundary conditions along a rigid-
smooth vertical boundary of a quarter-space are identically satisfied along the y-axis of a
half-space subjected to symmetric loading, exact solutions for the present problem can be
determined. The major results presented are the reactions occurring on the wall. For the
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infinitely long wall (in the y-direction of Fig. 1) considered here, these results are valid for
all times. Furthermore, such a wall has infinite mass so that its rigid body motion is always
Zero.

Nevertheless, the results of this study may also be applied in the case of a finite wall
for times, t < al/c;, where [ is the length of the wall. This is because t = al/c; is the time
when the front of the incident compressional wave (equation 10) would reach the bottom
of the left side of the wall. The time when the front of the compressional wave would reach
the bottom of the right side is t = ¢ty +1{/c, which is larger than al/c; since o < ¢,/c,.
Therefore, the reactions on a finite wall, held fixed, are correctly given by equations (38)
for t < alfc;. To determine the subsequent rigid-body motion of a finite wall, one can use
the rigid-fixed reactions given here for t < al/c, as “‘forcing functions™ after the ““transfer
function™ or free vibration solution is known. This method of splitting the reactions on a
rigid mobile inclusion into rigid-fixed and free vibration portions is discussed in a previous
work [7].
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APPENDIX

Expressions for the coefficients, R; z and B, r, appearing in equations (38) contain the integrals, I, x and
J1.r, respectively, which are defined in equations (31) and immediately following equation (37). Dropping the
subscripts LR we have

=] I+ DHE TN d

- (39)
J=| | @E+DUE+DE+ DE + R dg

Q&) = 28+ 1P - 4820+ P+ 1P {40)

when Poisson’s ratio is 0-25. Rationalizing the denominators in (39) we obtain

e 3" 2 1y—4 * 2 -4
I —S{L € +4) fl(c)dé+f0 @+1 fz(é)dé} "

,._3 - F 1y £2 -4
J= ﬂ f3(«5)dé+L [+ 1)(E + 1) (6 dé
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where
[ = @+ DUE +1NE+DE+ad)(E +a2)] !
[8) = EEP+DE+D 21,0
£8) =@ +HHUSH+HNE+ 1] £(8)
fo(&) = £ +H71 f18) (42)
and
ai = (3+3%y4. (43)

Each of the above functions, £(¢), can be expressed as a sum of partial fractions of the form C/(¢% +b%) where C
and b% > 0 are constants. The details are lengthy, but straightforward and we are left with four different types
of integrals. In the expression for I we must integrate terms of the form

h =j [(E+AHE+b71 e (=4 =1) (44a)
o
and in J we have integrals of the form
Jy =j (&b dé (44b)
0
R N G (G RS (440)
0

Making the substitutions & = rx(1—x?)"%, £ = btanx, and ¢ = 3 }tan x in 44a, b, and c, respectively, we
obtain

1
I =j [b? +(r2 —b)x) " ! dx
0

= [b(r} = b*)*] " tan~ '[(rF— b2)}/b]; b? < r}
s (45a)
=% bt =r?
. P
e A [ LT L S
ri ri
n/2
Ji = b_IJ. dé = n/2b (45b)
0
12
Jy=(b*—§" (1—2sin? x)’*}dx
1]
f2
—(3b2)“j {(1 =2 sin? x)[1—(1 —(3b%) " Y)sin? x]} "' dx
]
= (b* -3 K@) - (6% TI[(1 - (3b%)7*); m/2; sin " }(B)]} (45¢)

In (45c), K(3) is the complete elliptic integral of the first kind with parameter, %; and I1 is the elliptic integral of
the third kind with parameter, £, amplitude, n/2, and characteristic, [1 —(3b%)~ '] [8].

Therefore, in the manner just outlined, we can obtain explicit expressions for / and J in terms of tabulated
functions [8)].

(Received 11 April 1967, revised 3 July 1967)

AbcTpakT—B pabote uccnenyeTcs OIMHAMHYECKHE CUITBI JEHCTBYIOIIME BAOJB CTOPOH XKECTKOH M riagkoi
CTeHbl, KOTOPas Pa3aesseT yNpyroe nojylIpocTPAHCTBO HAa [IBE Y€TBEPTH MpocTpaHcTsa. Kpait moaynpo-
CTPAHCTBA HAXOOUTCA MO BIHAHUEM BOJIHBI JABJICHUA, rIpOM3BOJleOﬁ (bOprI, JIBH)K)’ILICKC)I C IIOCTOAHHOM
CKOPOCTRIO. POpPMa U CKOPOCTb BOJIHBI MOTYT M3MEHATCH MPH NEPEeXoAe CKBO3b CTEHbI. PellaloTca TOYHO
IBE 3a/avu IUIA KaXAOH YETBEPTH IOJYNPOCTPAHCTBA, UCIIOJIb3YA METOA OTOOpaxeHuil B CBA3M C BbIBEA-
€HHBIM paHee aHAJIK3OM IJIA JMHAMMYECKHX 3a0a4 HoaynpocTpaHcTBa. JlaloTcs B ABHOH (opmMe pelynbTaThl
JJI CyMMapHOH CHJIbI K MOMEHTA, BbI3bIBAHHBIX Ha CTEHE. DTH PEAKLHH ABJIAIOTCH [IPOMOPLHOHAILHBIMH
CBEPTKE MCTOPDMHM HArpy3kKM, OTHOCHTE/IbHO C €IMHULEH W HOBpeMeHUl. BbIBEIEHO YHCIIEHHO KOHCTAHTbI
MPOMOPLHOHAILHOCTH MJISL IUMPOKOTO KPYyra CKOPOCTEH BOJIHBI NABJICHHS .



